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For expansion by Jacobi polynomials we relate smoothness given by appropriate K -
functionals in Lp , 1 p 2, to estimates on the coeﬃcients in the q form. As a corollary
for 1 < p 2, q = pp−1 and an the coeﬃcients of the Legendre expansion of f ∈ Lp[−1,1],
we obtain the estimate{ ∞∑
n=m
min(1, tn)qmn(
1
q − 12 )|an|q
}1/q
 Cωmϕ ( f , t)p .
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
For the Jacobi weight wα,β(x) = (1− x)α(1+ x)β , α,β > −1 the function f on [−1,1] belongs to Lp(wα,β) for some p,
1 p < ∞, if
‖ f ‖Lp(wα,β ) =:
{ 1∫
−1
∣∣ f (x)∣∣pwα,β(x)dx
}1/p
< ∞. (1.1)
For f ∈ Lp(wα,β) the expansion of f by Jacobi polynomials P (α,β)n (x) is given by
f (x) ∼
∞∑
n=0
an P
(α,β)
n (x), an =:
1∫
−1
f (x)P (α,β)n (x)wα,β(x)dx, (1.2)
where ‖P (α,β)n ‖L2(wα,β ) = 1 and
Pα,β(D)P
(α,β)
n (x) = −n(n + α + β + 1)P (α,β)n (x),
Pα,β(D) =: wα,β(x)−1 d
dx
wα,β(x)
d
dx
. (1.3)
The K -functional Kr( f , P (α,β)(D), t2r)p is given by
Kr
(
f , P (α,β)(D), t
2r)
p = inf
{‖ f − g‖Lp(wα,β ) + t2r∥∥(−Pα,β(D))r g∥∥Lp(wα,β) : (−Pα,β(D))r g ∈ Lp(wα,β)}. (1.4)
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n=1
min(1, tn)2qrnν(
2
q −1)|an|q
} 1
q
 Kr
(
f , P (α,β)(D), t2r
)
p (1.5)
where q−1 + p−1 = 1 and ν = max(α,β) + 12 . A corresponding estimate for p = 1 and q = ∞ will also be achieved. For the
special case of the Legendre polynomials this would yield a relation with ωmϕ ( f , t)p introduced in [4] and given by
ωmϕ ( f , t)p = sup|h|t
∥∥mhϕ f ∥∥Lp [−1,1], ϕ(x) =
√
1− x2, (1.6)
and
mhϕ(x) f (x) =
{∑m
k=0(−1)k
(m
k
)
f (x+ (m2 − k)hϕ(x)), x± m2 hϕ(x) ∈ [−1,1]
0, otherwise.
(1.7)
2. The estimate for coeﬃcients of Jacobi expansion
We note that the K -functional given in (1.4) is deﬁned for all positive r (not just integer r) when we set
(−Pα,β(D))r f ∼ ∞∑
n=1
(−n(n + α + β + 1))ran P (α,β)n (x),
an =
1∫
−1
f (x)P (α,β)n (x)wαβ(x)dx, (2.1)
where(−Pα,β(D))r f ∈ Lp(wα,β), if g ∈ Lp(wα,β) and
1∫
−1
g(x)P (α,β)n (x)wα,β(x)dx =
(−n(n + α + β + 1))r
1∫
−1
f (x)P (α,β)n (x)wα,β(x)dx. (2.2)
Theorem 2.1. Suppose that f ∈ Lp(wα,β), α + β  −1, that (−Pα,β(D))r f is given by (2.1) and (2.2) and that the K -functional
Kr( f , P (α,β)(D), tr)p is given in (1.4). Then for 1< p  2,( ∞∑
h=0
min(1, tn)2rqnν(
2
q −1)|an|q
) 1
q
 CKr
(
f , P (α,β)(D), t2r
)
p, q =
p
p − 1 (2.3)
and
sup
n
min(1, tn)2rn−ν |an| CKr
(
f , P (α,β)(D), t2r
)
1 (2.4)
where ν = max(α,β) + 12 .
For the proof of Theorem 2.1 we will need to point out a few results.
Lemma 2.2 (Hausdorff–Young theorem for Jacobi expansions). For 1  p  2, α,β  −1, α + β  −1, and the expansion given
in (1.2), we have( ∞∑
n=0
nν(
2
q −1)|an|q
)1/q
 C‖ f ‖Lp(wα,β ), q =
p
p − 1 , (2.5)
where ν = 12 +max(α,β).
Proof. Clearly (
∑∞
n=0 |an|2)1/2 = ‖ f ‖L2(wα,β ) . Hence, using the Riesz–Thorin theorem, it is suﬃcient to show that
supn−ν |an| C‖ f ‖L (wα,β ). (2.6)1
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|an|
( 1∫
−1
∣∣ f (x)∣∣wα,β(x)dx
)
max
−1x1
∣∣P (α,β)n (x)∣∣ C(α,β)‖ f ‖L1(wα,β )nν (2.7)
where ν = 12 +max(α,β). We note that n−ν = nν(
2
∞ −1) and hence (2.7) is essentially (2.5) for q = ∞ and p = 1. 
Lemma 2.3. For the expansion by Jacobi polynomials given in (1.2) the K -functional Kr( f , P (α,β)(D), t2r)p is equivalent to the real-
ization functional
Kr
(
f , P (α,β)(D), t2r
)
p ≈ ‖ f − ηt f ‖Lp(wα,β ) + t2r
∥∥(−P (α,β)(D))rηt f ∥∥Lp(wα,β )
=: Rr
(
f , P (α,β)(D), t2r
)
p (2.8)
where
ηt f (x) =
1/t∑
n=0
η(nt)an P
(α,β)
n (x) (2.9)
with η(v) satisfying
η(v) ∈ C∞(R+), η(v) = 1 for 0< v  1/2 and η(v) = 0 for v > 1.
In this paper A(t) ≈ B(t) will mean C−1A(t) B(t) C A(t) with C independent of t .
Proof. The equivalence (2.8) was proved in [2, Th. 7.1, p. 339] for many systems for which a Cesàro summability of some
order is bounded, and hence in particular for the Jacobi expansion α,β > −1, α + β −1 (see [2, p. 344]). In [2] (2.8) was
proved for any operator Vt f that is a de la Vallée Poussin-type operator. We ﬁnd ηt of (2.9) a convenient operator of this
type (see for instance [1]). 
Proof of Theorem 2.1. Using the triangle inequality on weighted q (with weight n
ν( 2q −1)), the Hausdorff–Young type theo-
rem (Lemma 2.2) and the realization result (Lemma 2.3) in succession, we have for q = pp−1
( ∞∑
n=0
min(1, tn)2rqnν(
2
q −1)|an|q
) 1
q
=
( ∞∑
n=1
min(1, tn)2rqnν(
2
q −1)∣∣an( f )∣∣q
) 1
q

( ∞∑
n=1
nν(
2
q −1)∣∣an( f − ηt f )∣∣q
) 1
q
+ t2r
( ∞∑
n=1
nν(
2
q −1)∣∣n2ran(ηt f )∣∣q
) 1
q
 C‖ f − ηt f ‖p + t2r
( ∞∑
n=1
nν(
2
q −1)∣∣(n(n + α + β + 1))ran(ηt f )∣∣q
) 1
q
 C
(‖ f − ηt f ‖p + t2r∥∥P (α,β)(D)rηt f ∥∥p)
 C1Kr
(
f , P (α,β)(D), t2r
)
p,
where Lp = Lp(wα,β) is given in (1.1). The usual minor modiﬁcations yield (2.4). 
For the Legendre polynomial expansion one has α = β = 0 and hence ν = 12 . Using Theorem 7.1 of [1, p. 84] and
[4, Chapter 7], we obtain the following corollary of Theorem 2.1.
Corollary 2.4. Suppose 1 < p  2, m is an integer, q = pp−1 , ωmϕ ( f , t)p is given in (1.7), and the expansion of f by Legendre polyno-
mials is given by (1.1) with α = β = 0. Then
{ ∞∑
n=m
min(1, tn)qmn(
1
q − 12 )|an|q
} 1
q
 Cωmϕ ( f , t)p. (2.10)
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[1, Th. 7.1], and the well-known realization result
ωmϕ ( f , t)p ≈ ‖ f − ηt f ‖p + tm
∥∥∥∥ϕm
(
d
dx
)m
ηt f
∥∥∥∥
p
, 1 p ∞. (2.11)
The equivalence (2.11) follows easily from [4, Ch. 7] where it was shown that
ωmϕ
(
f ,
1
n
)
p
≈ ‖ f − Pn f ‖p + n−m
∥∥∥∥ϕm
(
d
dx
)m
Pn f
∥∥∥∥
p
, 1 p ∞, (2.12)
with Pn f the best or near best polynomial approximant of degree n to f in Lp[−1,1]. The proof that Pn f can be replaced
by η[ 1n ] f is straightforward (see also [3, Section 5]). 
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